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Year 12

2008 EXTENSION 2 MATHEMATICS

ASSESSSMENT TASK 2 (PRE-TRIAL)

Time Allowed: 3 hours plus 5 minutes reading time.

Examiners: Greg Wagner, Evie Apfelbaum

Instructions:
o All necessary working should be shown in every question.
¢ Marks may be deducted for careless or badly arranged work.

¢ Standard integrals are at the end of the paper.



Question 1 (15 marks)

a) Show that Ixsinxdx = sinX — XCOSX 2)
F
b)  Hence, find the exact value of Ixz cosxdx &)
0
. / ] AXi
c) ABCDEFGH is a regular octagon drawn on an Cmag/nary XS
Argand diagram with vertex 4 at the point (2,0)
The origin O is the centre of the octagon. D B
E A Real Axis
0
F H
G
1) Find, in the form rcis@, the complex number o that represents the point 5. 1)
1) Hence, express @ in the form x +iy 1)

111) If B is represented by the complex number @ , then which points are represented
by the following complex numbers:

a) io 1
A - 1)
v) Use AEBO to explain why arg(w + 2) = % 1)
V) Find the exact value of | w+2 |2 2)
vi)  Hence, find the exact value of coszg Q)
vii)  Write down a polynomial equation whose real and complex solutions are 1)

represented by the 8 vertices of the octagon.



Question 2 (15 marks)

i)  Byexpanding (cis :9)3 in two different ways, show that sin36 = 3siné — 4sin’ @

i)  Hence, find I sin360cos&d o

b)
4x-3 B C

G-1)x=3) (-1 (x-3)

1) Find B and C such that

i)  Hence, find j x—3dx

x’—4x+3

1
—dx
2+ cosx

= LR

o X
c¢)  Use the substitution ¢ = tanEto evaluate

d)

1
1) Show that I dx =cos ( j+ ¢ using the substitution x =secd
xVx -

3
1 1+2
ii)  Hence, show that I—dx = cos{ + ‘/gj
2 XV | 6
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2

2

2

&)

2
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Question 3 (15 marks)

4

a) The graph below shows the curve f (x) =x" - x? . The maximum turning points are at
(—x/i,l)and (\/5,1) ¥
2
S)=x* =
4
—t—t— —t— —t— —t—t—
4 2 2 4

Sketch the graphs of the following on separate number planes.
Show the coordinates of all stationary points on the graphs of 1), ii) and 1iii).
There is no need to show the stationary points on iv).

1) y= W) (2
i)  y=[f)f @)
i)  y=tan"(f(x)) Q)

iv)  y=xf(x) Q)

b) Consider the curve given implicitly by the equation 4y° =3y = x> + x—1

dy 3x° +1

1) Use implicit differentiation to show that — = ———— 2)
dx 12y° -3

1) Find the equation of the tangent to 4)” —3y = x’ + x—1 at the point (O,— 1) 2)

1ii) The curve intersects or meets the y-axis at one other point. A3)

Find the equation of the tangent at this point.



Question 4 (15 marks)

a)

b)

The complex number z satisfies the following equations:

V4
=1 and =—
|z| and argz p

i)  Find the quadratic equation for which z and z are both roots.

i1) If the points represented by the complex numbers z, 0 and @ form an
equilateral triangle, then find all complex numbers o .

1

1/ix—lix—ﬂ

Consider the function f (x) =

i)  Find the domain of f(x)

i) Find j

1
—
1/ix—lix—.ﬂ g

The equation x’ —2x* +bx—16 =0 hasroots «, # and 7 such that af3 = 8.

1)  Show that » =8

i) Hence, find ¢ and f.

iii) Find the cubic equation with roots given by a”, > and y*

iv) Hence find the value of &’ + 5° +°.
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Question 5 (15 marks)

a) Consider the function f (x) =

iii)

Vi)

b) Thecurve y=x’ —2x° + x intersects the line y = k at three distinct points 4, B and C.

X

log, x

Find the equation of the vertical asymptote of y = f (x)

Show that the coordinates of the minimum turning point are (e,e)

Find lim f"(x)

x—0"

Sketch the curve y =
log, x

e T
<

loge logrz

Explain using your graph and part ii), why

Hence, show that 7° < e”.

The x-coordinates of these points are «, f and y respectively.

iii)

By considering the stationary points of y = x> —2x> + x, find the possible

values of k.

Find the value of k such that B is the midpoint of AC.

Use symmetry to explain why B is the inflexion point of y =x* —2x” + x.

(1)

2

(1)

2

2

2

(2

2

(1)



b)

d)

Question 6 (15 marks)

Factorise the cubic polynomial z* +8

i) over the real field of numbers.

i) over the complex field of numbers.

Letw be one of the complex roots of the equation z° +8=0.

i) Using part a), show that w’ +4 =2w

i) Hence simplify (w” +4]).

L . X .. .
Copy and complete the following in order to write — in piecewise form.

Vi

1 if 0<x<lI
.f%: if —1<x<0
X if x=0

Consider the even function f(x)=sin™"v1-x? where —1< x <1
1) Use part ¢) to find f '(x) in piecewise form, carefully defining its domain

1) The curve y = f (x) has a cusp at the point where its two branches meet
the y-axis. Show that these two branches meet at 90°.

1ii) Carefully sketch the curve y = f (x)

v) The region bounded by the curve y = f (x) and the x-axis is rotated

through 180° about the y-axis to form a solid of revolution.
Find the volume of this solid.

(1)
2

)

)

(1)
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Question 7 (15 marks)

a)  Consider the polynomial P(x)=(x+2)YO(x)+ R(x)

i) Explain why R(x) is a linear polynomial §))

i) When P(x) and P’(x) are both divided by (x + 2), the remainder A3)
in each case is 6. Find R(x)

Question 7 continued on next page



b) The diagram below shows the curve f (x) =e".

The area bounded by the curve, the coordinate axes and the line x =1 can
be approximated using upper and lower rectangles.
Some of these rectangles have been drawn on the diagram.

. 1
There are n upper rectangles and »n lower rectangles, each of width —.

f(x)=

|
n

2 n-1 1
n

k

e

X

n

Let 4, be the area of the rectangle with height e", where 0<k <n and k is an integer.

k=n 1
Show that the sum of the upper rectangles can be given by > 4, = —
n

Find the exact value of the area.

1

) . -~ n
Use parts 1) and ii) to show that e” < —

n—1

k=1

Use the sum of the lower rectangles and part ii) to show that

|

11

10

jp<e3oo<[ 0
9

1

P
j , then find an integer value of p.

e%(e - 1)

1
e"—1

n+1 -
—<e"
n

&)

(1)

©))

(2

2



b)

Question 8 (15 marks)

iii)

Use factorisation to show that (1 — xzy_l - (1 — xzy = x’ (1 - xzy_l

1
If7, = I(l -x° de for n > 0, then use integration by parts to show that
0

2n

=——-  forn>1
2n+1

n

X

e +e

—X

Sketch the function f(x)=

Find the largest domain containing positive values of x such that f (x) has an

inverse function f~'(x).

Sketch the inverse function y = f ’1(x) on the same diagram as part 1)

Find the inverse function f~'(x)

e +e
such that

Find the coordinates of the point P on the curve f(x)=

the distance between f (x) and f ’l(x) is a minimum.

and the line y = x on the same set of axes.

2

3

2
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STANDARD INTEGRALS

Jx” dx

—
==
=y

Je“ dx

R
cosax dx

sinax dx

r

~

r

r

Note

sec’ ax dx

1
N
S NN

J \/xz —Cl2
RN d.
Vx? +a’ .

secaxtan ax dx =

. X
sin” —,
a

nz-1x#0,ifn<0

az0

az0

az0

a>0, —a<x<a

ln(x+\/x2 —az), x>a>0

ln(er\/x2 +a2)

Inx=log,x, x>0
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